A theory of the cross sections of three-body gas-phase reactions which proceed without activation energy is presented. It is based on the hypothesis that the decomposition of a collision complex is governed by the phase space available to each product under conservation of angular momentum and energy. Calculations on model ion-molecule systems show that the cross section is enhanced if the reaction is exothermic, the final reduced mass is large, and the final long-range attractive forces are large. The theory gives a consistent explanation for the cross sections of the reactions between He+ and H 2 , and He and H2+ which is in satisfactory agreement with experiment.
INTRODUCTION

T
HE two fundamental problems of the theory of gas-phase chemical kinetics are the calculation of the intermolecular potentials of the species present and the calculation of the dynamics of interaction.
Neither of these problems is soluble analytically, but intensive work in molecular quantum mechanics is now being directed toward the numerical determination of the intermolecular potentials. l The dynamics of interaction, once the potentials are assumed known, has been the subject of several papers over the last few years. 2 . 3 The two main channels of work have been the numerical solution of the classical equations of motion for specific systems 4 and the application of transition state theory5 (which avoids all dynamics by an equilibrium assumption).
With the availability of detailed experimental results from molecular beam and other studies,6-B it becomes increasingly apparent that transition state theory is inadequate to describe the kinetics of simple gasphase reactions. At best it can be used to define a transition state which, in the context of the theory, gives a reasonable agreement with the experimental rate. The alternate approach of following the classical equations of motion on a computer, while it is as exact asdassical mechanics can be, can have only limited applicability as long as computer time is expensive. Because of the large number of degrees of freedom of even so small a system as three atoms, Monte Carlo methods must be used to obtain proper averages for the computation.
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These have been employed by Bunker 9 & in the study of unimolecular decompositions and by Blais and Bunker9b in the study of exchange reactions. These studies yielded considerable information on the energy distribution in reaction products which seems to be compatible with the theory presented here.
9c However, the computations were limited to classical systems confined to a plane, and the application to many simple exchange reactions of the type A+ BC-tAB+C (I) would seem to be almost prohibitively expensive.
The purpose of this paper is to provide an alternative approach to the problem of reactions of Type (I) which proceed without activation energy. The theory does not pretend to be rigorous but is, rather, advanced as an hypothesis the validity of which can be tested by comparison with experiment. In this sense it is very different from absolute reaction-rate theory (transitionstate theory) which, while advanced as an hypothesis, can almost always be used with a transition state which gives agreement with experiment. 2 In the following paper the theory is applied to some simple ion-molecule reactions and compared with experiment.
For reactions of Type (I) proceeding without activation energy, we postulate:
The probability of formation of any given product in a "strong coupling" collision is proportional to the ratio of the phase space available to that product divided by the total phase space available with conservation of energy and angular momentum.
Although an hypothesis such as this can only be tested by comparison with experiment, we may question under what circumstances it could reasonably be expected to be correct or incorrect. It will obviously fail if there are other quantities conserved during a collision (such as, perhaps, spin) or if there are other other degrees of freedom which do not "mix" well. This may be the case in the reaction between H2 and He+ discussed in Appendix A.
It might be expected to be approximately valid if the complex exists for a time long compared with any frequencies of the system. In this case a thorough "mixing" process may occur, all detailed initial information be lost, and the decomposition of the complex be governed by the phase space as postulated. This might be called an "ergodic" justification of the hypothesis and was mentioned by Firsov.1O On the basis of a few data from molecular-beam experiments on neutrals, however, this does not seem to be the case/· ll Reaction apparently occurs in a time roughly comparable to a vibration frequency, and the complex apparently rotates very little before decomposition. (This mitigates even more strongly against the transition-state theory since the complex cannot equilibrate to the ambient temperature in these times.)
There exists, however, another argument which may support our hypothesis. In a strong coupling collision, large changes in momentum may occur in times so short that the relative positions of the particles varies little. In this case the collision is "ergodic" as far as the momenta are concerned. The configuration of the complex, however, may still be largely determined by the initial conditions. However even the most delicate experiments give us cross sections which are averages over all possible initial coordinates (or phases). This average may then produce resultant cross sections which correlate well with the phase space available even though cross sections for given initial configurations correlate very poorly.
It is on the basis of these two rather vague arguments that we may assume enough validity for the phasespace hypothesis to justify further investigation. The state of the theory of reactions of this type is certainly inadequate at present to give meaningful quantitative estimates of cross sections.
It should be noted that threshold laws 12 for many processes are derived on the basis of similar assumptions. The fact that they hold well above threshold in some cases 13 indicates that there may be some validity in the phase space hypothesis. Threshold laws for endothermic reactions of Type (1) are derived in Appendix B.
It should also be noted that there are many reactions for which the "phase space" theory seems inapplicable. One obvious case is the exchange of energy between translational and vibrational degrees of freedom. Here the force laws are such that the two degrees of freedom are only weakly coupled during most collisions. 14 • 15 Ion-molecule reactions, on the other hand, are a class of reactions in which the coupling is probably very strong due to the large attractive forces. By limiting ourselves in this paper to reactions without an activation energy, we have chosen to consider those reactions in which the coupling is probably strongest. The theory, appropriately modified, may also apply to atommolecule reactions with an activation energy, but this problem is deferred.
MATHEMATICAL FORMULATION
If we denote the possible chemical states of the system by a, {3, 'Y" • (e.g., a=AB+C) with Vibrational States i"" the fundamental assumption can be written is the portion of r k corresponding to stable product k (e.g., r k' excludes regions of r k in which the product molecule has so much angular momentum that it is unstable or metastable to dissociation).
If we denote the cross section for formation of the complex of given E, J, from Reactants a, i", by u,, (E, J, i,,) dEdJ then the cross section for the reaction a, i,,----){3, ill will be For problems in which the translational energy is selected, the appropriate cross section is U",i,,_Il.ip(Etr) 
where u,,(E, J, i" I Etr)dEdJ is the cross section for formation of the complex when the reactants have a given translational energy.
Since E=Etr+(JroN2I)+Eia and J=Jrot+ Jorb (Etr, b) where b is the impact parameter and J orb is the orbital angular momentum, the calculation of u,,(E, J, i" I Etr ) is not simple. However, many reactions of interest involve atoms with masses such that u" can be calculated easily. The quantity u" is also affected by the definition of a "strong coupling" collision. We may assume there exists a maximum value of the initial impact parameter, b max , for which a "strong coupling" collision occurs. It will be, in general, a function of the energy. It is well defined for low energies where the attractive potential between the initial species determines the scattering cross section, but it becomes somewhat arbitrary at higher energies. This is discussed more fully below.
By a "strong coupling" collision we mean that the only good quantum numbers for the three-body system are those corresponding to the total energy and total angular momentum. If this is not true, the phase space of the three-body" complex" may be divided, and the "ergodic" hypothesis embodied in (I) will surely fail.
Ideas of this type were proposed in 1962 by Firsov 1o for exothermic ion-molecule reactions. The computations, however, were not properly done since conservation of total angular momentum was not required.
Calculation of P({3, i p I E, J)
Our first task is to calculate the proper phase space elements for Eq. (1). The element of phase space (classical) for three particles can be written
i=l where ri, Pi are the vector coordinates and momenta of Particle i; R, P the vector coordinates and momenta of the center of mass; r, p the relative coordinates of the third particle (A) with respect to the center of mass of the other two (BC) ; and r', p' the relative coordinates of the two (BC).
The center-of -mass coordinates are of no interest and are dropped. The remaining 12 variables define the phase space of interest. They can also be written in terms of the total orbital and rotational angular momenta, the angular momenta in the z direction, the corresponding angular coordinates, and the radial coordinates.
This gives
Note that the variables r' and p' correspond to vibrations and are treated quantum mechanically. We therefore omit them from dr, summing later over vibrational states.
The conservation conditions, now using primed variables to denote the initial species, can be written easily.
Energy:
where the primed energies are the initial values, ,.,. is the reduced mass of the final diatomic molecule and the third particle, I is the moment of inertia of the molecule, and Qap is the heat of reaction. (Q is negative for an endothermic reaction.) Eik is the vibrational energy of the k system and ET is the total energy. Angular Momentum: The conservation of angular momentum is expressed by the vector equation (5) The four scalar equations (4) and (5) reduce the 12-dimensional phase space element to the element of an eight-dimensional hypersphere provided the initial energy and angular momentum are fixed.
The phase space "volumes" which enter into Eq. (1) are the integrals over the appropriate ranges of six variables (the summation over the vibration states takes the other two variables into account). Since we deal only with ratios of "volumes," any integrations which give a constant independent of the channel and vibrational energy will cancel.
We now wish to eliminate four of the variables in Eq. (3) in favor of the phase space element of total energy and angular momentum of the complex. Which four variables we eliminate is arbitrary, but it appears most convenient to make the transformation from dprdJ ZorbdJ orbd{3orb to dETdJ TdJ T.d{3T, where the (3's are the angles conjugate to the z component of J.
The Jacobian of the transformation from pr to ET is easily found to be To transform the angular momentum elements, it is easiest to find first the Jacobian for the transformation of an arbitrary angular momentum vector to Cartesian coordinates. Then, since the Cartesian components of J T and Jorb are linearly related with a Jacobian of unity, we may equate the Cartesian phase-space elements to obtain the desired transformation.
For an arbitrary angular momentum vector J, we have
The Jacobian is, therefore,
Equating Cartesian components yields
Combining Eqs. (6.1) and (6.2), we have
where we have chosen fT along the z axis (the Jacobian must be invariant to rotation of axes) and expressed J orb in terms of f T and frot by means of Eq. (5).
The phase space element of thehypersurface is (excluding vibration)
Since only Jro t and f' rot appear as variables in the Jacobian, the integrals over CXorb, CXrot, (3rot, and r will yield constants independent of channel and vibrational energy. They will cancel in the ratio of Eq.
(1) and the only pertinent integrals are those over frat and f zrot ' Therefore, we have, finally
The limits of integration of (9) are determined by physical considerations outlined below.
(a) The final velocity must be real, which implies (10) (b) In the numerator of (1), the phase space r' is limited by the assumption that the molecule must be stable, i.e.,
where Dw is the dissociation energy from the ith vibrational level of the diatomic species {3.
(c) The products must separate, i.e., the products must have enough energy to pass over the angular momentum barrier. The actual limitations of f. rot and frat imposed by this condition depend on the attractive forces between the products for low final kinetic energy. It is the inverse of the process determining b max for reactions without activation energy. IS Since this condition is usually more stringent (and less obvious) than (a) or (b), we shall devote some time to it.
We assume kinetic energies low enough so that a maximum of the rotational barrier occurs in the region of the attractive forces. If E, is the final translational kinetic energy and b, the impact parameter for the products, the potential energy between the product molecule and the third particle can be written for large r as Since the final orbital angular momentum is forb = p.t1rbj
we have the limitation (9)
Since E j =E(l-f ro N2IE), we can write (14) as
Using Eq. (6) this may be converted into a condition on f. orb ' From Eq. (6) (since we have chosen our z axis along lr)
From (15) and (16), we have the condition equivalent to (14) in terms of J T , J rot, and E
For given values of fT, E T , and frat, Eq. (17) now limits the integration over f. rot ' Normally, the integration over f' rot runs from -J rot to Jrot. If, however, -Jrot is less than the right-hand side of (17), the integration is limited by (17). We must therefore find the roots of (17) where f. rot is equal to ±Jrot, i.e., the roots of (lr-f rot )2_F2(E, frat) =0.
If we divide the equation by 2IE we have the equation in reduced variables
where Z= [h/(2l~) Of course the maximum value of both I rot and I'rot can be set by Condition (b) rather than (c). If there are no roots of Eq. (19), it means that angular momentum cannot be conserved (i.e., the final orbital angular momentum must be so high that the particles do not have enough energy to overcome the rotational barrier and separate).
Bearing this in mind, we now return to the integration of Eq. (9). We denote the roots of Eq. (19) by Xl and X2 (X1<X2), and set X3= (Dill/E)!, X.= Izroj(2IE)!, and A=2I(J,tE)i. Then, from Eq. (9), the space r for the denominator of Eq. (1) is Performing the integration, we have
2Ia(Z,Z)H(X2-Z)+Ia(Z,1 Xli) sgn(Z-X1) +Ia(Z, X2) sgn(X2-Z), (20.2) where
[leX) = 2[1-(1-X2)~], (21.1) (21.2) 1 2 (X, Y, C, a) = (C)lf: dx(1-X2)",
Ia(Z,X)=ZarcsinX+(1-X2)i. (21.3)
It should be noted that r of Eq. (20.2) includes those regions of phase space in which the product molecule will dissociate due to its high rotational angular momentum. The numerator of Eq. (1) contains only the phase space in which the product molecule is stable, i,e.? X3 may limit the integration over X in Eq. (20.1). 
X.=[Z2+X2-C(1-X2)'YJ/2Z.
For r' we must list several possibilities:
r'=o. 
r'/ A=I l (X3)H(Z-X3) +I 1 (Z)H(X3-Z)
+2Z(arcsinX3-arcsinZ)H(X3-Z). (20.4)
The solution of these equations to give P(f3, ifJ ! E, J) for ion-molecule reactions and neutral reactions will be discussed fully in following papers. The procedure (which is most easily done on a computer) is as follows.
For each value of E and I, solve Eq. (19) for each vibrational state (ill) and evaluate rand r/. Use these quantities in Eq. (1) to find P(f3, ifJ IE, J). We turn now to the second quantity of interest, the calculation ofua(E, I,ia! E tr ) forEq. (1.2).
Calculation of ua(E, J, i" I Etr)
For the general case, where the initial rotational angular momentum and energy are comparable to the initial orbital angular momentum and total energy, this is a very difficult problem. The basic cross section for a strong coupling collision is just 7fbm 2 where bm is given by Eq. (13) with the initial energy and force constants. This is just that cross section derived by Gioumesis and Stevenson,l6 and others. 6 To obtain the reaction cross section, however, for a given transla- tional energy, we must average over a Boltzmann distribution of the rotational energy, i.e.,
where Jr= [(!.IVb)2+J'2+2J.'(!.Ivb) ]i and cp(J') is the dJ. for the rotational energy of the initial molecule. We shall not attempt to perform this integration in most cases since good approximations are often available, particularly for ion-molecule reactions. If the mass of the initial free particle is not too small, the orbital angular momentum is much larger, on the average, than the initial rotational angular momentum in a thermal distribution, and we may take JT= !.Ivb. In addition, the initial rotational energy is often much less than the initial translational energy, and we may set E= Etr.
Equivalently, we may say that P is a slowly varying function of Jz' and J' for a large initial reduced mass and low temperature. Consequently, P may often be taken outside the integral over Jz' and J'leaving With these approximations [using Eq. (23)], we have done two things: made calculations on a model system to determine the effects of the various factors on the cross sections and made direct calculations of some simple ion-molecule reactions to compare with experiment. It is obvious that in some cases the above approximations may fail, the obvious example being in the reaction H+Cb-->HCI+Cl.
In this case the extra integrations must be performed.
MODEL SYSTEMS
Calculations were made on the IBM 7094 at the University of Chicago Computation Center for ionmolecule reactions between a diatomic molecule and a third body. The "canonical" system chosen was the following, with important effects being shown by changes in the parameters: three identical particles of mass 1, with the charge located on the diatomic molecule; eight harmonic energy levels spaced 0.25 eV apart; dissociation energy 2 e V; pol ariz ability of the atom 1 A3; bond distance 1 A. The results of these model calculations are presented as ratios of one product channel to the elastic and inelastic scattering channel (no reaction). Unless otherwise specified, the initial diatomic ion was taken in its ground state.
Heat of Reaction
As might be expected, the most marked effect is obtained by making the reaction exothermic or endothermic. The results are plotted in Fig. 2 . The depths of the potential wells (and consequently the number of energy levels) were changed to make the system consistent (i.e., in the endothermic case, the binding energy of the initial diatomic ion was changed to 2.5 eV, so the number of vibrational level then increased from 8 to 10). The threshold law (see Appendix B) for the endothermic case is cr/cr(l) 0:: (E-Q) where Q is the endothermicity. We may attribute the results largely to the requirement for conservation of angular momentum. The products in the exothermic reaction have much more lattitude in the combinations of rotational and orbital angular momentum which satisfy the angular momentum requirement.
Polarizability
The polarizabilities affect the cross sections by limiting the range of b values for the products. An inincrease in polarizability permits larger b values, and consequently leads to a larger cross section. This result is largely independent of the translational energy, but does depend on initial internal energy (or exothermicity). Results are presented for a,= 1, ap = 2, and the reverse in Fig. 3 .
Mass Effect
If the masses of the three particles differ, all other quantities (including spacing of energy levels) remain-ing identical, quite a large effect is observed. A mass of 4 was taken for the initially free particle, with the atoms of the diatomic ion having masses of 1 and 2. The result shows the preponderant effect of the orbital angular momentum: The heavier the reduced mass of the outgoing system of diatomic ion plus third body, the greater the cross section. This effect is somewhat offset by initial internal energy which, again, permits satisfaction of the conservation laws over a wider range of rotational angular momentum. Results are plotted in Fig. 4 .
We may then formulate the following guides for simple ion-molecule reactions. The relative phase space (and cross section?) for a particular channel is increased if, compared with the other channels: (a) it is exothermic; (b) the reduced mass of the final system is large; (c) the polarizability of the final neutral atom is large. Usually, these effects compete and the additional variables of energy level spacing and number, moment of inertia of the diatomic ion, and initial internal energy also come in, requiring numerical computation for significant cross sections to be obtained.
The question of the correlation between cross sections obtained on the basis of phase space available and actual cross sections for reacting systems is obviously one which can only be answered by experiment. Preliminary calculations on several ion-molecule reactions (two cases are presented in Appendix A) are very promising, giving substantial agreement with experiment. We realize, however, that agreement between experiment and theory even when very substantial does not prove the theory. Indeed, we are convinced that the theory will prove inadequate in many cases to explain even the qualitative behavior of various systems. No apologies will be offered for this, since there is no basic reason to believe that all (or any) reactions are "governed" by the phase space arguments given here. It is the author's belief, however, that the correlation between the phase space theory and experiment will be strong enough and general ---indicates beginning of dissociation processes. have presented somewhat of an enigma. Reaction (A) is about 8 e V exothermic and therefore the over-all cross section should be given by the theory of Gioumousis and Stevenson. Reaction (B) is about 1 eV endothermic and so the cross section should be very low. Until the present, no theory attempted to divide the over-all cross sections among the possible products, and the cross sections have been assumed to be the G and S values for exothermic processes and zero for endothermic processes.
For the pair of reactions above, just the opposite is found. Reaction (A) has a very small cross section, while the cross section of Reaction (B) has a respectable ""., value. The phase space theory gives results qualitatively in agreement with experiment, the cross section of (B) being more than twice that for (A). Results are plotted in Figs. 5-7 with the G and S cross sections, phase space cross sections, and experimental cross sections where available. 17 The cross section for Reaction (B) is very sensitive to the assumed populations of the vibrational states of H2+. The weights calculated by Koch and Friedman 18 were used, and the flat portion of O'B (phase space) in the region from 0.5 to 1.5 eV is directly due to the assumed distribution. At low energies the low vibrational states contribute very little. As the translational energy is increased, they contribute much more, thus offsetting the decrease in the over-all cross section. Figure  6 shows the cross sections calculated on the basis that all H2 + ions are in the V = 0 and V = 8 states, respectively. A distribution shifted to lower vibrational states would produce a maximum in the calculated cross section whereas a distribution shifted to higher vibrational states would more closely resemble the experimental results. (It is possible that the calculated distribution among vibrational states will be affected by including the effects of rotation on the overlap in tegrals.)
Von Koch and Friedman 18 measured Reactions (A) and (B) in a conventional mass spectrometer, and their results qualitatively support those of Giese. They inter-17 C. F. Giese and W. B. Maier III, J. Chern. Phys. 35, 1913 Phys. 35, (1961 Phys. 35, ) j 39, 739 (1963 . 18 H. von Koch and L. Friedman, J. Chern. Phys. 38, 1115 (1963 . preted the small cross section of Reaction (A) qualitatively in a somewhat similar fashion to the treatment of this paper without, however, considering the role of angular momentum. Their interpretation of Reaction (B) as proceeding primarily from excited vibrationallevels of H 2 + is substantiated to some extent by the present results (Fig. 6) . However, the present theory accounts for the decrease in cross section which they observed at very low energies without the necessity for introducing an activation energy. [Compare Fig. 6(b) with Fig. 3 There is evidence in Giese's!7 experiments that scattering (no reaction) is a more important process than we find. This may be due to the fact that the electronic energy of the He+ does not" mix" well since the energy levels are so far separated. However, more experimental work (measuring all channels) and theoretical work would be necessary to show that the results presented here are "accidental." In the absence of further information, the agreement between experiment and theory must be considered to be relatively satisfactory.
More refined tests of the theory by comparison of isotope effects in reactions of the type processes (photoionization, nuclear reactions) break down.
We derive here threshold laws for neutral and ionmolecule exchange reactions with classical energy and angular momentum. It is probable that the systems are" classical enough" so that these laws will apply in measurable threshold regions. Quantum mechanical derivations of these laws may be possible through R matrix theory, but the derivations will be quite complex.
Consider Eq. (19) for an endothermic channel in which e= Etr+Q~O+. We have, with fJ= (J.l.iEtr/I)i Roots of this equation will exist only if (fJb/e!)2"-'C'/e i in the limit e~O. For e very small, we raise both terms to the n/(n-2) power and find, dropping terms of lower order in l/e or b This result, (f proportional to e, differs from the usual quantum-mechanical result by the factor e i which arises from the integration over b. For zero angular momentum (b vO) both classical and quantummechanical theories give rand (f proportional to e i . We expect the classical theory to hold as soon as amu that e»0.07 eV for classical mechanics to be a good approximation. This is the range which is measured by present techniques, so we may expect the linear law to be observable.
